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Abstract. In the first paper in this series (Stokke 
etal. Eur Biophys J 1986, 13:203-218) we devel- 
oped the general theory of the mechanochemical 
properties and the elastic free energy of the pro- 
tein gel - lipid bilayer membrane model. Here 
we report on an extensive numerical analysis of the 
human erythrocyte shapes and shape transforma- 
tions predicted by this new cell membrane model. 
We have calculated the total elastic free energy of 
deformation of four different cell shape classes: 
disc-shaped cells, cup-shaped cells, crenated cells, 
and cells with membrane invaginations. We find 
that which of these shape classes is favoured 
depends strongly on the spectrin gel osmotic tension, 
He, ,  and the surface tensions, He, and He,, of the 
extracellular and protoplasmic halves of the mem- 
brane lipid bilayer, respectively. For constant ratio 
HeJHe, > 0 large negative or positive values of 
/ /c ,  favour respectively the crenated and invaginat- 
ed cell shape classes. For small absolute values of 
Ha,, He,, and Hp,, biconcave or cup-shaped cells 
are the stable ones. Our numerical analysis shows 
that the higher the membrane skeleton compres- 
sibility is, the smaller are the values o f / / c ,  needed 
to induce cell shape transformation. We find that 
the stable and metastable shapes of discocytes and 
stomatocytes generally depend both on the shape of 
the stressfree membrane skeleton and the membrane 
skeleton compressibility. 

Key words: Erythrocyte, protein gel, cell shape, cell 
membrane model, membrane skeleton 

Introduction 

The beauty and simple geometry of human erythro- 
cyte shapes have long intrigued biophysicists, cell 
biologists and others. Numerous studies suggest that 
spectrin plays a crucial role in determining the 
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mechanical properties and stable shapes of erythro- 
cytes by forming a macromolecular meshwork on 
the cytoplasmic side of the cell membrane. This has 
been the topic of several recent reviews (Branton 
et al. 1981; Bennett 1982; Cohen 1983; Gratzer 1983; 
Sheetz 1983). Over the years, numerous attempts 
have been made to elucidate the physical and 
mathematical basis for the characteristic erythrocyte 
shapes (Fung and Tong 1968; Canham 1970; Bull 
1972; Skalak et al. 1973; Brailsford and Bull 1973; 
Evans 1973, 1974: Sheetz and Singer 1974; Deuling 
and Helfrich 1976; Evans and Hochmuth 1977, 1978; 
Evans and Skalak 1979; Brailsford etal. 1980a, b: 
Markin 1981). But, despite a wealth of biochemical 
data on the isolated components of the spectrin net- 
work, no unifying molecular cell membrane model 
relating all of these features to cell shape and shape 
transformations has yet been put forward. 

In the first paper in this series (Stokke et al. 
1986) we derived the general theory of the 
mechanochemical properties and the elastic free 
energy of a new cell membrane model which we 
named the protein gel - lipid bilayer membrane 
model. This model gives a coherent molecular and 
theoretical basis for the human erythrocyte 
mechanochemical properties. Here we present the 
results of an extensive numerical analysis of erythro- 
cyte membrane skeleton density distributions, 
shapes, and shape transformations assuming that the 
spectrin network constitutes an ionic gel (swollen 
ionic elastomer) and that the general theory of our 
new membrane model is applicable to the erythro- 
cyte membrane. Our findings indicate that all the 
commonly observed human erythrocyte shape and 
shape transformations can be accounted for by the 
new model. 

Erythrocyte membrane elastic free energy 

We limit our numerical analysis of erythrocyte total 
elastic free energy to cell shapes ~d with global or 
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local rotational symmetry. All the numerical analyses 
we present are therefore based on the notation and 
mathematical formulas described by Stokke et al. 
(1986). To facilitate the presentation and discussion 
of our numerical analysis it is useful to introduce 
dimensionless quantities in the elastic free energy 
master equation of the protein gel - lipid bilayer 
membrane model: 

t - -  1 Aftot : AFtot/(7 G 4 ~z R 2) 

= I~ + (Kc. /G)  I~ + [BJ(GR2)]  I~ 

12 ( H a J G )  d' c? (AA')/Oz' when Ha~ 4= 0 
+ [ 2 (He./G) b' 0 (AA')/Oz' when Ha~ = 0 

+ ½ (KLu/G) (AA'a + (a' + 3 b'/2) c? (A A')/Oz')Z/We. 

+½(KLJG) (AA'c+ (a' +½ b') c?(AA')/c?z')Z/A'p. , 

where (1) 

I; ---[1/(4zrR2)] y y ( l x / l , - l y / l , ) d 2 r > O  (2) 
g 2 ~ u  

I~ -=[1/(4zcR2)] I ~(1-1xlv/12) 2d2r>-O (3) 
g2ou 

I~ - [1/(4~rR2)] 

~ [(Rl/Ro)-2+ (R2/Ro) -2] d2r > 2 (4) 
(2Lu 

a' - a/Ro (5) 

b' - b/Ro (6) 

d' - a '+  b' [3 + (1 + He. /HE.)  -~1 (7) 

AA' -- A A / ( 4 ~ R  2) (8) 

-' = z/Ro (9) 

G is the elastic shear modulus of the membrane 
skeleton. The cell surface area equals 4~zR 2. Since 
G ~ 7x 10-3dyne/cm and R0 "-" 3.5 lam for erythro- 
cytes, ½G4zcR2o ~ 3 x 10-14Nm ,~ 105kT at room 
temperature where k is the Boltzmann constant 
and T is the absolute temperature, f2au is the gel 
surface of cell shape 5uu. HG, is the osmotic tension 
of the gel of gt .  Ka, is the gel modulus of area com- 
pression. BL is the lipid bilayer elastic bending 
modulus. HE, and He,  are the surface tension of the 
extracellular and the protoplasmic half of the lipid 
bilayer of ~u. a is the distance from the middle of 
the gel at the points where the gel is attached to the 
membrane integral proteins to the protoplasmic 
surface of the membrane lipid bilayer, b is the 
thickness of each half of the lipid bilayer. Ae, and 
Ap, are the total surface area of the midplane of the 
extracellular and protoplasmic halves of the lipid 
bilayer of 5Uu. AAa is the change in gel surface area 
resulting from cell shape change 5u~ ~ 5ua. AA is the 
change in area of a plane located a distance z from 
the gel when 7t~ ~ g~a. KL, is the modulus of area 
compression of the lipid bilayer of ~ .  f2L, is the 
bilayer midplane of 5Uu. The equilibrium radius of 

curvature of the two halves of the lipid bilayer have 
been assumed to be infinite. R1 and R2 are the 
principal radii of curvature of f2/,,. For a detailed 
description of the symbols see Stokke et al. (1986). 

Cell shape parameterization 

Several different strategies can be followed to deter- 
mine the stable erythrocyte shapes predicted by the 
protein gel - lipid bilayer cell membrane model. 
The strategy which generally leads to the most 
accurate description of the predicted stable shape 
for a given set of conditions involves expressing the 
cell radius ra(sd) of cell shape ~u~ (Stokke etal. 
1986) as a sum of mutually orthogonal functions 
which make up a complete set. The disadvantage of 
this method is that the change in overall geometry, 
resulting from a change in one or more of the coeffi- 
cients of the various orthogonal functions is general- 
ly complex. Further, it is generally not obvious 
which coefficients should be changed and by how 
much, in order to change a certain geometric detail 
without simultaneously changing the rest of the cell 
shape. This latter problem is eliminated if the cell 
shape parameterization is instead based on a 
geometric construction so that every parameter has 
a simple geometric meaning. The disadvantage of 
this geometric parameterization is that it can only 
generate a limited family of different cell shapes, 
the stable cell shape may not be contained among 
the cell shapes generated by the chosen parameter- 
ization and transformation from one shape class to 
another may not be geometrically possible by the 
chosen cell shape parameterization. But, using such 
a parameterization one will normally obtain the 
particular cell shape among all the ones generated 
by the parameterization which comes closest to the 
stable cell shape or one of the metastable shapes. 
We have used the geometric parameterization 
strategy in part because it provides the easiest 
approach to independently changing one geometric 
parameter at a time and in part because it facilitates 
separation of cell shapes into classes with certain 
characteristic shape features in common. 

The cell shape parameterization of the four main 
cell shape classes displayed by human erythrocytes 
is based on the geometric construction shown in 
Fig. 1. The first two of these classes have global cell 
shape rotational symmetry whereas the last two only 
have approximate local rotational symmetry. Cell 
shape class I consists of a continuum of cell shapes 
ranging from oblate to biconcave discs with the axis 
of global rotational symmetry perpendicular to a 
plane of mirror symmetry (Fig. 1 A). Class II consists 
of cup-shaped cells (Fig. 1B). Class III consists of 
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Fig. 1. The cell shape parameterization for the 
four cell shape classes used in this study. A Cell 
shape class I, B Cell shape class II, C Cell shape 
class III, and D Cell shape class IV. Q-Q is an 
axis of global rotational symmetry. M - M  is a 
plane of mirror symmetry. QL-QL is an axis of 
local rotational symmetry. The segments shown in 
C and D constitute one N-th of the total mem- 
brane skeleton, lipids, and cell volume 
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Table l. Characteristic parameters of membrane skeleton 
stress free shapes 

Cell shape 7',~ ~/u 3 ~/u4 ~rJu6 ~/ul0 

r', (P,~/2) 1 1.033 1.118 1.208 1.285 
P~, ~ 3.098 2.981 2.898 2.854 
~, 1 0.998 0.959 0.847 0.660 
~A~/fz' -2 -2.00 -2.02 -2.06 -2.11 

cells with a variable number of identical exocytic 
blebbs or spikes (Fig. 1C). Class IV consists of cells 
with a variable number of identical pointed or 
blebb-like invaginations (Fig. 1D). The mathemati- 
cal expression for the cell shape radius ra(sa) and 
the volume and surface area for these cell shape 
classes are given elsewhere (Stokke 1985). 

We have chosen to study the effect of varying 7*, 
partly because shape 7*, of human erythrocytes is 
not yet known (Stokke et al. 1986) and partly in 
order to study the effect of assuming various shapes 
7*,. We use a simple parameterization for 7*, that 
can generate discoidal as well as spherical 7*u, all 
with the same surface area 4~R 2 (Table 1). This 
parameterization has only one free variable, n, and 
the larger n is, the thinner and flatter the discoids 
become. We refer to the discoid corresponding to a 
certain value of n as 7*,,. All 7*~,'s have a plane of 
mirror symmetry. Note that parameter n does not 
have to be an integer. Spherical 7*, we denote 7*,s. 
We call the volume of 7*d divided by (4 ~/3)R 3 the 
relative volume of 7*d and designate this relative 
volume by the symbol ~a. 

Numerical analysis 

All our numerical analysis is based on computer 
minimalization of Aft'ot including some or all the 
terms of Eq. (1). Integrals If and I~ were calculated 
using the approach described by Stokke etal. 
(1986) and expressing the change in s+~ (sa) due to 
gel relaxation by means of the Fourier expansion: 

s+,(sd) - Pusd/Pa = P, ~ Cm sin(~msa/Pa) , (10) 
m=l 

where Cm are the Fourier coefficients. For all values 
of Cm this expression automatically satisfies the 
boundary conditions s+~(0)=0 and s+~(Pd)=P,. 
Since the same gel latitudinal line cannot be found 
at more than one distance sa from pole Pd0, the 
function + su(sd) must also satisfy the conditions 
ds+,(sa)/dse > 0. The values of If and I~ for un- 
relaxed gels can be obtained by setting all Cm equal 
to zero in Eq. (10). 

The basic strategy has been the same for all our 
numerical calculations of erythrocyte membrane 

elastic free energy: First we chose numerical values 
for all except two of the freely variable geometric 
parameters of the cell shape parameterization being 
used. Then we determined the remaining freely 
variable geometric parameters using the require- 
ment that the gel surface of 7*, equals 47rR~, the 
relative gel surface area of 7*d, ~d, equals 1 +AAG/ 
(4~R2), and the relative gel volume ~d has the 
selected values. This we achieved by solving simul- 
taneously the equations expressing these constraints 
using computer routine C05NAF of the Numerical 
Algorithm Group (NAG Ltd., Oxford, England) 
Mark 8 library routines. The numerical integrations 
needed to calculate AF(ot were performed using 
function D01BAF of the NAG library. The mini- 
malization of AFt'ot with respect to the Fourier 
coefficients Cm was performed using NAG routine 
E04JAF. We performed these minimalizations al- 
lowing 3 -8  Fourier coefficients to vary and setting 
all the other Fourier coefficients equal to zero. 
NAG routine E04UAF was used to minimize Af[ot 
when both the Fourier coefficients and the remain- 
ing freely variable geometric parameters of the 
shape parameterization were allowed to vary during 
the minimalization. When the geometric parameters 
are included in the minimalization process, it is 
important to note that the geometric parameters 
must always satisfy certain inequality and range 
constraints to ensure that the obtained minimum 
corresponds to a physical solution. We performed all 
the numerical calculations involving the NAG 
library using the UNIVAC 1100/62 computer at 
RUNIT computing centre at the University of 
Trondheim. 

Spectrin gel relaxation 

One important feature of the protein gel - lipid 
bilayer membrane model that sets it apart from all 
other membrane models used to analyze erythrocyte 
shapes, is that the membrane skeleton of our model 
may slide in the plane of the lipid bilayer and 
change its density distribution as the cell shape is 
changed. Figure2 shows the contribution AFt= 
I( + (KaJG)I~ to Aft'ot from the gel shear deforma- 
tion and non-uniform gel compression for various 
discoidal cell shapes for both unrelaxed and relaxed 
gels when K~,/G = 5. Relaxation of the spectrin gel 
generally leads to reduction of AFf. The numerical 
results also show that the cell shape which yields the 
minimum contribution to Af[ot is generally not the 
same for relaxed and unrelaxed spectrin gel (Fig. 2). 
Stokke et al. (1986) showed analytically that AFf of 
the relaxed membrane gel of a cell with global axial 
symmetry equals zero for all cell shapes with G = 0 
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limited number of terms were used in the Fourier  
expansion of the gel density distribution. As the 
number of Fourier  terms is increased the numeri- 
cally predicted gel density for KG,/G = oo becomes 
more and more uniform. Stokke etal .  (1986) 
showed analytically that for KG~/G = 0 there is a 
continuum of gel density distributions which yields 
zero AF; for any shape with global axial shape sym- 
metry. Our numerical analysis yields the density dis- 
tribution from this continuum which can be best 
approximated by the number  of Fourier  terms used. 

If all the erythrocyte intramembrane particles 
were attached to, and randomly distributed over, the 
spectrin network, then the intramembrane particle 
density would reflect the spectrin gel density. If so, a 
careful analysis of the intramembrane particle den- 
sity distribution for known 7~,, could be used to 
obtain information about KG~/G, and vice versa. 

20 F x; 
l I; ,6 
@ 

1 1 1 t 
-~ ,0  ° - 2 0  ° 0 ° 20 ° ~0 ° 60" 

0 

Fig. 2. The computed gel elastic free energy AFt=I;+ 
(KGu/G)I ~ for some cell shapes of classI with ~e=0.7, 
~0 = 90 °, 6'= 0. and some selected values of 0. Smooth curves 
are drawn through the data points. The examples illustrate the 
reduction in AF~ resulting from gel relaxation: Free energy, 
AF(=I~+ 5I~, for unrelaxed (©) and relaxed gel (e). When 
the gel elastic shear modulus, G, equals zero, AF{ = I;. When 
the gel modulus of area compression, Ka,, equals zero, 
AF{=I(. For unrelaxed gel I[ (:z) and I; (v) are cell shape 
dependent, but for relaxed gel, I~ and I~ (v) both equal zero 
for all cell shapes when the gel relaxation is carried out for 
Ka, = 0 and G = 0 respectively. The change in spectrin gel 
density distribution associated with changing the cell shape 
from spherical to discoid shape 7~a of class I with d d= 0.7, 
¢ = 90 °, 0 = 50 °, and 6'= 0 when ~u is spherical (inset). For 
non-spherical 7td the gel density of the unrelaxed ( - - - )  and 
relaxed ( ) spectrin gel varies with the distance s d from the 
gel pole (measured along the gel surface). The gel poles are the 
points, Pc0 and PG~, where the axis of rotational symmetry 
passes through the gel surface. Pa is the pole-to-pole distance 
measured along the gel surface 

or Kau = 0. Our numerical analysis of the effect of  
relaxing the gel so as to minimize If alone or I~ 
alone for various cell shapes confirms this conclusion 
(Fig. 2). The density distribution generally changes 
as a result of gel relaxation when Ka,/G < 10. How 
large the change is for a selected cell shape depends 
sharply on KG,/G (Fig. 2 inset). The reason why the 
numerically predicted gel density distribution is not 
perfectly uniform for KGu/G= oo is that only a 

The effect of lipid bilayer bending resistance 
on cell shape 

The third term of Eq. (1) represents the contribution 
from the lipid bilayer local bending resistance to the 
membrane total elastic free energy. The elastic free 
energy increases sharply as the radius of  curvature is 
reduced. The lipid bilayer bending resistance tends 
therefore to make the favoured cell shapes smoother 
than they otherwise might have been. Figure 3 
shows examples of elastic free energy versus cell 
shape when one geometric parameter  of the cell 
shape parameterization of  disc-shaped cells is 
varied. The numerical analyses were performed with 
relaxed gel, but for simplicity, only the first three 
terms of Af[o t (Eq. (1)) were included in the energy 
calculations. For  small values of BL/(GR~) (Fig. 3A 
and C) and large values of Ka,/G the favoured cell 
shapes are, as expected, the shapes contained in the 
cell shape class studied which correspond to no gel 
deformation (Fig. 8, Stokke et al. 1986). The fa- 
voured cell shape becomes more rounded as 
BL/(GR~) is increeased (Fig. 3B and D). Figure 3 
also shows that the lipid bilayer bending resistance's 
influence on the favoured cell shape for a selected 
value of  BL/(GR~) increases as KG,/G is decreased. 
When KG~/G = oo the gel is incompressible and the 
results presented correspond to those of  Brailsford 
et al. (1976). 

The trilayer couple term 

The fourth term of Eq. (1) is a mathematical ex- 
pression for a trilayer analogue of the bilayer couple 
hypothesis (Sheetz and Singer 1974). This term only 
depends on 7~a through the derivative c~(AA')/c~z' 



224 

70 

60 

SO 

÷ 

~. 30 
"4 
÷ 20 

10 

(~ I  I I I I 

~ 
u K ~  

I 

_ o 

I I [ 
50" 60" 70" 90" 90" 

70 

60 

50 

~.0 

30 

20 

10 

0 

11 I I I I 

50" 60" 70" 80" 90" 

I 

6O 

.e 

~o 

30 

J 
20  

% 10 

70 I I I I 7 0  

6 0  

~u SOi 

K~u/G 

'°203°,0 
0 

I I I I i 
- 1/3 0 I/= % 1 

-~' 

1 I I I 

,7. -" 

I I [ I t 
-/1 o y3 ~ 1 

ll' 

Fig. 3. Examples illustrating the effect of lipid bilayer bending resistance on the total cell membrane elastic free energy for some 
cell shapes of class I with ~a = 0.7, 0 = 50 °, and 6'= 0 (A and B) and some cell shapes of class II with ~d= 0.7 and 0 = 60 ° 
(C and D) when BJ(GR 2) = 10 .4 (A and C) and BJ(GR 2) = 10 -3 (]3 and D). The gel free energy AF( has been calculated 
assuming 7~u = 7~,s and that the gel is relaxed 

- OA'JOz' - OA'lOz'. For  spherical 7J, the derivative 
c?A ' /Oz '=-  2.00. As ~uu becomes more and more 
disc-shaped OA'/Oz' changes relatively little and for 
~P, lo O A ' J d z ' = - 2 . 1 1  (Table 1). F i g u r e 4  shows 
OA'JOz' for various geometric parameters and rela- 
tive cell volume, ~d, for respectively discocytes (Fig. 
4A), stomatocytes (Fig. 4B), echinocytes (Fig. 4C), 
and invaginated cell shapes (Fig. 4D). The results 
show that O(AA')/Oz' is negative for crenated, but  
positive for invaginated cells. O(AA')/Oz' for disco- 
cytes and stomatocytes may be positive or negative, 
but  is generally much smaller in magnitude than for 
the other shape classes. When HE, and He ,  have the 
same sign, crenated shapes are favoured for negative 

Ha,, whereas invaginated cell shapes are favoured 
for positive HG,. Among cup-shapes, shallow cups 
are favoured for negative HG, and deep cup-shapes 
with a narrow mouth for positive Hau. It is impor- 
tant to note that the shape favoured by the trilayer 
couple term alone depends only on the sign and not 
on the magnitude of HGu. This means that even 
though the trilayer couple term incorporates an 
important mechanism for cell shape transformation, 
it is alone unable to predict quantitatively the com- 
monly observed cup-shapes. The trilayer couple 
term for example predicts that cell shapes with 
multiple invaginations rather than cup-shapes is 
preferred for all values of Hau > 0 when H~,/He,  > 0. 
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~ = Q~ = 0.03 (v ) ,  and  D cell s h a p e  class IVB wi th  ~0/q~ma x = 1 and  0{ = ~ = 0.03 (o) ,  and  ¢/¢max = 0.6 and  Q~ = ~ = 0.03 (v )  

The effect of  lipid bilayer modulus 
of  area compression on cell shape 

The cell shape change 7~ --* ~ud will generally change 
the surface areas of the two monolayers of the mem- 
brane lipid bilayer and thus lead to changes in the 
tension of the two monolayers of the bilayer. This is 
the physical basis for the two last terms of Eq. (1). 
To estimate the influence of these terms on the cell 
shape, an estimate of AAc is needed. For the erythro- 
cyte membrane there will always be a plane within 
the membrane that maintain constant surface area 
during the cell shape change ~, ~ 7ta (Stokke et al. 
1986) which means that AA'c < (a' + 2 b') 0 (3A')/Sz'. 
Assuming KL, ~ 10-- 100 dyne/cm, a ~ 1 nm, b ~ 2 nm, 
and R0 ~ 3.3 ~tm, this shows that the sum of the last 
two terms in Eq. (1) must be positive and less than 

(10 - 2 -  10 -1) (O(AA")/07.') 2. These terms of Eq. (1) 
therefore always favour discocytes and stomatocytes 
rather than echinocytes and invaginated cell shapes. 
However, these terms have negligible effect on the 
favoured shapes of discocytes and stomatocytes. 

Discocytes  

The discocyte cell shapes generated by the class I 
parameterization (Fig. 1A) range from biconvex to 
biconcave shapes all with a global axis of rotational 
symmetry perpendicular to a plane of mirror sym- 
metry. 

The contribution from 3F(= I{+ (KG,,/G)I~ to 
3F(ot for some class I discocytes ranging from bi- 
convex to biconcave and ~, being spherical (~,s) or 
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disc-shaped (~u6), is shown in Fig. 5. In both cases 
AF; exhibits a distinct minimum for a single cell 
shape. The energy needed to change the shape a 
certain amount from the favoured shape to another 
similar shape (i.e., the cell shape stability) is in both 
cases sharply reduced as KGu/G is reduced. For the 
same value of  KGu/G the stability of  the favoured 
cell shape is sharply reduced as 7t~ is changed from 
spherical to discoidal, and this is also true for the 
relative variation in spectrin gel density over the cell 
surface (Fig. 5 insets). When ~d < ~, for ~g,6 and 
7s,10 AF{ favours biconcave cell shapes, but when 
~d > ~, biconvex cell shapes are favoured. Among 
disc shapes the lipid bi layer  bending  resistance 
favours biconcave cell shapes when ~d < 0.8 (Fig. 6). 
W h e n  He~ and He ,  have the same sign, the tri layer 
couple term favours b iconcave shapes with deep 
invaginat ions for posit ive H ~  and biconvex shapes 
for negative Hc~. The interplay o f  all these terms 
determines the detai led geometry  o f  the favoured  
discocyte shape, which  therefore  can be expected to 
depend on the environmental  condit ions (Stokke 
et al. 1986). 

spectrin gel with KGu/G = 0. l, 1, 10, and o% respectively 
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Fig. 6. Integral If (e), and the derivative OA'd/OZ' (*) for some 
selected class I cell shapes with ~a= 0.7, ¢o= 90 °, and 6'= 0 

Fig. 5. The elastic free energy AF~ = I~ + (K6,/G) I~ of the relaxed spectrin gel for some selected class I cell shapes with ~d = 0.7, 
¢ = 90 °, and 6'= 0 for 7~ = ~U~s (A) and ~ = 7',6 (B). The gel relaxation and the corresponding gel elastic free energy calculated 
were carried out for KG,/G = 0, 0.1, 1, 10, and o% respectively. The relative spectrin gel density distribution versus distance sd 
from the gel pole PGO (measured along the surface) of the favoured cell shape of A and B (insets), were calculated for relaxed 
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S t o m a t o c y t e s  

The stomatocyte cell shapes generated by the class II 
parameterization (Fig. 1B) range from shallow cups 
to deeply invaginated shapes all with a global axis 
of  rotational symmetry. The contributions from 
AF(= I( + (Ka,/G) I~ to z$ F/or for some class II cup- 
shaped cells ranging from shallow cups to deeply 
invaginated shapes and ~v, being spherical or disc- 
shaped (~,6) is shown in Fig. 7. In both cases AF~ 
exhibits a distinct minimum for an intermediate 
cup-shape. The effects of ~,  and Ka,/G on the 
stability of the favoured shape and spectrin gel 
density distribution (Fig. 7) are analogous to those 
for discocytes2 The lipid bilayer bending resistance 
favours a deeply invaginated cup-shape (Fig. 8). 
When He, and Hp, have the same sign, the trilayer 
couple term favours deeply invaginated cupshapes 
for positive Ha, and shallow cupshapes for negative 
Ha~,. The interplay of  all these terms determines the 
detailed geometry of  the favoured stomatocyte 
shape, which therefore can be expected to depend 
on the environmental conditions. 



228 

L.~ 

÷ 

.~ 'UU i -- --~ 

I ~ I ~1 '~1 
1 I 

0,~ 0,6 
v I 

0,8 1.0 

200 

160 ~ - -  

I/+0 

120 - 20 
_ i 

~\\v I/I [ ~V/11 [ ~V 111 [ ~y I/I 

0,/, 0,6 0,8 1,0 

100 

60 

-2  

-3 

-t~ 

6z" 

-5 

-6  

Fig. 9. The elastic free energy AFf= 1~+ (Kou/G) I~ (e) of the relaxed spectrin gel (A), I,~ (e) and OA)/~z ' (v) (B) for some 
selected class IIIA cell shapes with ~d= 0.7, ~ = 0~ = 0.03, and N= 32. The elastic free energy calculation was carried out 
assuming ~u= ~,s and for Ka,/G= O, 0.1, 1, 10, and ~ ,  respectively. If for cell shape class IIIA with ~d = 0.7, 0~ = 0~ = 0.03, 
and N = 20 and N = 12 are also included (B). Note that the shape .illustrations are valid only for N = 32. The relative spectrin gel 
density distribution of class IIIA cell shape with ~d= 0.7, 0~ = 0~ = 0.03, N= 32, and ~0/~0m~ ~ = 0.7 (inset A) were calculated 
assuming 7Ju = ~u and for Ka~/G = O, 0.1, 1, 10, and o% rspectively 

Echinocytes 

The echinocyte cell shapes generated by the class III 
parameterization (Fig. 1 C) consist of N identical 
segments each containing one N-th of the total cell 
volume, cell lipids, and spectrin network. Each seg- 
ment has a local axis of rotational symmetry and 
contains one pointed or blebb-shaped protrusion. 
For N > 10 there are only two cases for which N 
identical segments can be packed together to yield a 
continuous surface. This is when the boundary sym- 
metry of the segment surface is five-fold and N--  12, 
and when the symmetry is three-fold and N--20.  
However, the number of spikes of echinocytes is 
most often neither 12 nor 20 and the spikes are 
normally irregularily packed on the cell surface 
(Sheetz et al. 1976). This suggests that the details of 
the packing of the protrusions are of minor impor- 
tance to the cell membrane free energy and that the 
main contribution to AfOot stems from the geometric 
details of the protrusions themselves. The erythro- 

cyte protrusions generally appear to have an axis of 
local rotational symmetry (Sheetz et al. 1976). There 
is therefore good reason for expecting that AFOot of 
cell shape class III with given N and protrusion 
shape, will not differ significantly from Af(o  t of a 
cell with continuous surface and the same spike 
number and spike shape. We assume that ~u for 
each of the identical segments has an axis of rota- 
tional symmetry and equals one N-th of gG. 

Figure9 shows A F f = I ( + ( K c , / G ) I ; ,  I~ and 
OA'd/Oz' for an echinocyte with 32 spikes, ~d--0.7, 
and spike shapes gradually changing from spikes 
with a small base to those with as large a base as 
possible. For a given number of spikes AF{ favours 
as large a spike base as possible (Fig. 9A). AF{ for 
spikes with maximum base size decreases with in- 
creasing number of spikes. The lipid bilayer bending 
resistance also favours as large a base size as pos- 
sible for the given spike number (Fig. 9B), but the 
free energy associated with the bending resistance 
increases sharply as the number of spikes is in- 
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creased. Because of the high value of A F[ and high 
lipid bending energy (Fig. 9) echinocytes are only 
favoured for relatively large negative values of HG, 
when HE, and He, have the same sign. The trilayer 
couple term strongly favours pointed spikes rather 
than those with a broad base (Fig. 9B). The trilayer 
couple term increases with increasing spike number. 
Our numerical (Fig. 4 C) analysis therefore predicts 
that as Ha, becomes more negative, the number of 
spikes of the favoured cell shape increases and the 
spikes tend to become more pointed. The analysis 
further predicts that the gel density will be highest 
at the tip of the spikes when Kc,/G <_ 10, and that 
the density distribution (Fig. 9A inset) and the 
detailed shape of the favoured spikes will depend 
sharply on Ks,/G. When the other parameters are 
kept constant, the base of the favoured spike shape 
generally increases as Kc,/G increases. The lipid 
bilayer bending resistance does not favour a small 
radius of curvature at the top and at the base of the 
spikes. 

The range of geometrics of blebb-shaped pro- 
trusions which satisfied a selected cell volume and 
surface area generally turned out to be very limited. 
These cell shapes were therefore not analysed 
further. 

Invaginated cell shapes 

The invaginated cell shapes generated by the class IV 
parameterization (Fig. 1D) consist of N identical 
segments each containing one N-th of the total cell 
volume, cell lipids, and spectrin network. Each seg- 
ment has a local axis of rotational symmetry and 
contains one pointed or blebb-shaped membrane 
invagination. The justification for using this cell 
shape approximation is the same as for class III cell 
shapes. 

Figure 10 shows AF{ = I{ + (KaJG)  I~, If, and 
8A'a/Oz' for a cell with 32 identical invaginations and 
~d = 0.7. Except for the trilayer couple term the 



230 

various terms of  the invaginated cell shape show the 
same general trends as for crenated cells. The in- 
vaginations of the favoured invaginated cell shape 
are predicted to increase in number  and become 
more pointed as Ha~ becomes more positive when 
He, and He, have the same sign. The maximum 
spectrin gel density is predicted to be at the bottom 
of  the invaginations (Fig. 10A inset). The general 
features are qualitatively the same for pointed and 
blebb-shaped invaginations. 

Erythrocyte cell shape class diagram 

For given shape 5u, and values for ~a, KG,/G, 
BL/(GR~), HG~/G, HE,/Hp~, Kr,/G, a', and b' the 
favoured cell shape within a shape class is the one 
which corresponds to the lowest value of  the elastic 
free energy AF(ot. To determine the favoured cell 
shape class for a given set of  conditions one should 
compare the values for the lowest AF(ot within each 
class with one another. The cell shape class with the 
lowest AfOot minimum will be the class that contains 
the stable cell shape. The other shape classes may 
contain metastable shapes. 

The favoured discocyte and stomatocyte shapes 
for two different cell volumes and various ~u are 
shown in Fig. 11. The stable shape for each volume 
and 5u~ is depicted using a solid line, the broken line 
depicts a metastable shape. The value of AfOot for 
each cell shape is given. Since the favoured disco- 
cyte and stomatocyte shapes are separated by inter- 
mediate shapes with higher energy, we conclude 
that the favoured shape within one of the shape 
classes is stable whereas the favoured shape within 
the other shape class is metastable. The free energy 
difference between the favoured discocyte and 
stomatocyte shape is particularly small, suggesting 
that discocytes and stomatocytes are likely to coexist. 
When He~ and He~ have the same sign, large nega- 
tive Ha,, favours echinocytes whereas large positive 
Ha ,  favours invaginated cell shapes. This can be 
summarized in an erythrocyte cell shape class 
diagram showing the stable shape class for any 
given Hau and ~a (Fig. 12). 

The precise location of  the boundaries of the 
stable region of  cell shape class III and IV depends 
mainly on K~,/G. The smaller KG,/G is, the smaller 
is the magnitude of  (HG~/G) d' needed to include a 
cell shape transition. When Ka,/G = o% BL/(GR 2) 
= 10 .4  and d'= 10 -3,  the transitions occur for HG~ 

20 G ~ 0.2 dyne/cm and Ha, ~ - 100 G ,,~ - 1 dyne/  
cm, the exact value depending on ~a. When 
KG~/G= 1 the transitions occur at approximately 
half these values of  Ha,. Using known molecular 
parameters for the spectrin membrane skeleton and 
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assuming that the membrane skeleton constitutes a 
two dimensional gel, our calculations (Stokke et al. 
1986) suggest that Ha, may easily range from 
- 1 dyne/cm to + 2 dyne/cm as the result of changing 
AFc/(kT) (AF~ is the chain-chain affinity) and g 
(the number of effective dissociated hydrogen ions 
per gel chain). These calculated tensions Ha, needed 
to induce erythrocyte shape transformations are con- 
sistent with the observation that lipid bilayers can 
generally sustain tension down to about - 100 dyne/ 
cm (Papahadjopoulos 1968) and up to about 
+ ( 3 - 4 )  dyne/cm (Kwok and Evans 1981) and still 
maintain their normal structure. 

We find that the differences between the free 
energy of discocytes and stomatocytes are generally 
so small that a large number of freely variable pa- 
rameters is needed in the shape parameterizations in 
order to predict the precise location of the bound- 
aries. We have therefore only indicated that there 
may be a region of coexistence between shape class I 
and II for low values of (IIc,/G) d'. 

Stokke et al. (1986) show that when AFc/(kT)> 5 
small values of g correspond to negative values of 
/ /c , .  Reduction of pH towards the isoelectric point 
of spectrin can therefore be expexted to give rise to 
negative values of He, and thus crenation (class III 
cells). The observation that reduction of pH from 
7.4 to 5.5 induces crenation of erythrocyte ghosts 
(Nicolson 1973) is consistent with this prediction 
because the isoelectric point of spectrin is about 4.8 
(Elgsaeter et al. 1976). However, note that reduction 
of g may also lead to reduction of KG~ and thereby 
induce shape transformation. The effective value of 
g further depends on the ionic composition of the 
buffer in which the membranes are located. Experi- 
mental and theoretical studies show that divalent 
cations are much more efficient in reducing g than 
monovalent cations (Tanaka et al. 1980). In agree- 
ment with this Johnson and Robinson (1976) found 
that the presence of 1 mM CaCI~, MgC12, or SrC12 
would cause crenation of ghosts whereas 100raM 
KC1 or NaC1 was needed to obtain the same effect. 
Elgsaeter et al. (1976) found that the presence of 
more than 2raM CaC12 induced extrusion of large 
spectrin and intramembrane particle 'free lipid 
vesicles from erythrocyte ghosts. This may, as sug- 
gested by the authors, come about because HaM for 
these Ca++-concentrations exceeds the critical value 
for membrane lipid bilayer collapse. Elgsaeter and 
Branton (1974) found that increase of the NaC1 con- 
centration to more than about I00 mM gave rise to 
intramembrane particle aggregation in ghosts where 
the spectrin network was partly broken down. This 
can be interpreted as a manifestation of increased 
negative osmotic tension in the gel as a result of the 
increase in the NaC1 concentration. Our calculations 
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(Stokke et al. 1986) show that large values of g can 
give rise to the high positive values of Hc~ which 
favour membrane invaginations (Fig. 11). For a 
spectrin network, high pH and low ionic strength 
(Elgsaeter et al. 1976) yield a large value of g. But, 
because high pH and low ionic strength are also the 
conditions that lead to spectrin release from the 
membrane (Elgsaeter and Branton 1974), these con- 
ditions might be expected to cause membrane 
breakdown at the same time as they cause mem- 
brane invagination. High pH and low ionic strength 
are indeed the conditions used to form inside-out 
membrane vesicles (Steck et al. 1970). 

Any asymmetric changes in the lipid composi- 
tion of the two halves of the membrane lipid bilayer 
can be expected to give rise to a change in IIe,/IIp, 
and thus parameter d' in Eq. (1). Asymmetric incor- 
poration of drugs can be expected to have the same 
effect. The membrane model therefore also offers a 
molecular basis for the shape transformations 
observed if amphiphatic drugs or phosphorylated 
lipids are asymmetrically incorporated into the 
membrane or if there is an asymmetric enzymatic 
breakdown of the membrane lipid bilayer (Sheetz 
and Singer 1974; Fairbanks et al. 1981; Tamura and 
Fujii 1981), The parameter d' may also depend on 
the ionic strength because HE~/Ile~ may change 
both as a result of charge effects within the lipid 
monolayers (Papahadjopoulos 1968) and the extra- 
cellular glycoproteins (Doulah et al. 1984). 

Not only g, but also AFt can be expected to 
change as the result of changes in the pH and ionic 
composition of the medium surrounding the mem- 
brane. AFc may also change as a result of changes in 
the membrane lipid composition. The change in cell 
shape in response to a gradual variation in a single 
environmental parameter can therefore be quite 
complex. 

Lange etal. (1982a, b) concluded that the 
crenatability of standard ghosts is fostered by a shift 
of material between the two halves of the membrane 
lipid bilayer during erythrocyte lysis. The protein 
gel - lipid bilayer membrane model offers a simple 
molecular basis for how such a shift in material can 
give rise to change in crenatability. Lange et al. 
(1982a) further observed that the isolated spectrin 
shells of crenated ghosts were smooth and concluded 
from this that the lipid bilayer and not the spectrin 
network is responsible for crenation. The protein 
gel - lipid bilayer membrane model shows how ery- 
throcytes with a smooth spectrin shell can become 
crenated and predicts that neither the lipid nor the 
spectrin network, but the lipid bilayer and the 
spectrin network together are responsible for crena- 
tion. 
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Concluding remarks 

Our  numerical  analysis o f  h u m a n  erythrocyte  shape 
using the prote in  gel - lipid bi layer  m e m b r a n e  
model  shows that  all the c o m m o n l y  observed ery- 
throcyte shape classes can be accounted  for by the 
new model.  The free energy difference between 
discocytes and s tomatocytes  is found  to be relatively 
small and which shape class is favoured  depends  
critically on factors such as ~u and the relative cell 
volume, ~d. Because o f  the small difference in the 
energy between these two shape classes they m a y  
often coexist; which shape class is the stable one can 
be expected to vary  in response to minor  changes in 
~uu or in the environmenta l  conditions. Crenated cell 
shapes are favoured  by large negative values o f  
Hau and invaginated cell shapes by large posit ive 
values o f  HG~. Our  analysis give numer ica l  esti- 
mates o f  the values o f  HGu required  to favour  either 
crenated or invaginated  cell shapes. These numerica l  
values are well wi thin  the range that  can feasibly be 
sustained by a l ipid bilayer. Our  analysis fur ther  
shows that  the large change  in KG, predic ted to 
occur  in response to environmenta l  changes can give 
rise to cell shape t ransformations,  as well as cell 
shape changes within the same cell shape  class. The  
m e m b r a n e  model  also accounts  for how changes in 
the m e m b r a n e  lipid m a y  give rise to cell shape 
changes and shape t ransformations.  
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